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Controlling quantum systems is crucial for quantum computation and a variety of new quantum
technologies. The control is typically achieved by breaking down the target dynamics into a sequence
of elementary gates, whose description can be stored into the memory of a classical computer. Here
we explore a different approach, initiated by Nielsen and Chuang [1], where the target dynamics
is encoded in the state of a quantum system, regarded as a “quantum program”. We show that
quantum strategies based on coherent interactions between the quantum program and the target
system offer an advantage over all classical strategies that measure the program and conditionally
operate on the system. To certify the advantage, we provide a benchmark that guarantees the
successful demonstration of quantum-enhanced programming in realistic experiments.
I. INTRODUCTION
The ability to control quantum systems is at the core of
quantum computing and of a new generation of quantum
technologies [2]. Most often, the control is achieved by
decomposing the target dynamics into a sequence of el-
ementary operations, whose execution can be controlled
by a classical program, like a piece of code stored in the
memory of a classical computer. This is the case, for ex-
ample, in the circuit model of quantum computing and
in digital quantum simulations. A different approach was
put forward by Nielsen and Chuang [1], who proposed
that the dynamics of a quantum system could be encoded
in the state of an another quantum system. Such a state
serves as a quantum program, containing the instructions
needed to execute the target dynamics. What makes the
program quantum is that, in general, the instructions
corresponding to two distinct dynamics can be encoded
into two non-orthogonal quantum states. Nielsen and
Chuang’s paradigm led to the design of programmable
quantum gates [3–7] and measurements [8, 9], with ap-
plications to quantum state discrimination [10–12], quan-
tum communication [13], and quantum learning [14, 15].
Experimental demonstrations of programmable quantum
devices have been reported in a variety of setups [16–20],
with applications to the experimental study of commuta-
tion relations [21] and to the activation of entanglement
[22].
The quantum mechanical nature of the program intro-
duces genuinely new questions. How does the size of the
program affect the accuracy? How many times can one
reuse the program before it loses its ability to specify the
target dynamics? Is the best performance attained in a
classical way, by reading out the program and conditional
operating on the data, or is it attained in a quantum way,
by letting program and data interact as a closed system?
In this paper we answer these three questions, fo-
cussing on the problem of rotating the spin of a quantum
particle around a direction determined by the spin of an-
other particle, as illustrated in Figure 1. We establish
the ultimate quantum limit to the accuracy as a func-
tion of the size of the control spin, showing that error
FIG. 1. Programming rotations with quantum spins. On
the left: the spin of a quantum particle (red arrow) is rotated by
an angle θ around a well-defined classical axis (black arrow). On
the right: The information about the rotation axis is encoded into
the spin of a quantum particle, which serves as a quantum program
controlling the target dynamics.
vanishes inverse linearly with the spin size. The limit is
attained by a coherent mechanism, whereby the two spins
interact with one another without leaking any informa-
tion into the outside world. We show that this coherent
strategy reaches a higher accuracy than every classical
strategy where the control spin is measured in order to
extract information about the program. For example,
measurement-based strategies using a control system of
spin j = 3/2 can achieve at most fidelity 64% in flipping
a target qubit around a variable direction, while the op-
timal quantum strategy achieves 71% fidelity. The gap
between quantum and classical strategies allows us to es-
tablish a benchmark for the demonstration of quantum-
enhanced programming in realistic experiments: even if
the implementation is affected by noise and imperfec-
tion, there is still a range of values of the fidelity within
which the experiment can demonstrate a performance
that could not be achieved classically, even with un-
limited technology. While many benchmarks have been
identified for quantum teleportation and cloning [23–30],
to the best of our knowledge no benchmark for the task of
ar
X
iv
:1
70
6.
04
12
8v
2 
 [q
ua
nt-
ph
]  
12
 Se
p 2
01
7
2programming quantum gates has been established prior
to the present work.
The paper is structured as follows. We start in Section
II with the determination of the optimal tradeoff between
accuracy and size of the quantum program in the case of
qubit gates. The corresponding quantum benchmark is
then presented in Section III. We show how to surpass
the benchmark, by constructing a physical realization of
the optimal programmable gate (Section IV) and show-
ing that the advantage persists even if the program state
is recycled multiple times (Section V). In Section VI, we
extend our result from qubits to systems of arbitrary di-
mension, proving that the advantage of quantum pro-
gramming is generic and providing an explicit analysis
for the task of programming rotation gates. The conclu-
sions are finally drawn in Section VII.
II. ACCURACY VS SIZE
Suppose that a magnetic field is turned on for a lim-
ited period of time. During this time, the direction of
the field can be encoded into the state of a magnetic ma-
terial, which orients itself along the direction of the field
and ideally maintains the orientation even after the field
is turned off. Thanks to this property, the magnet can
be used as a program to reproduce the dynamics that
would have occurred if a particle were immersed in that
field. This kind of reproduction can be seen as an elemen-
tary learning process, where a quantum machine learns
to emulate an unknown dynamics by observing its action
on a certain input [14, 15]. Now, the question is: how
large must the magnet be in order to accurately steer the
desired dynamics?
The answer depends on the size of the particle one
wishes to control. Let us focus first on the case of a
single qubit, embodied in a spin-1/2 particle. In this
case, the target dynamics is a rotation around the direc-
tion of the field, of an angle proportional to the time of
the evolution. The rotation is represented by the matrix
Vθ,n = exp[−iθ n ·σ/2] , where θ is the rotation angle, de-
pending on the strength of the field and on the evolution
time, n = (nx, ny, nz) is the rotation axis, corresponding
to the direction of the field, and n·σ = nxσx+nyσy+nzσz
is a linear combination of Pauli matrices, representing
the projection of the spin operator along the direction n.
The small magnet is modelled as a spin-j particle, whose
state |φn〉 serves as an indicator of the direction n, and
as a program for the rotation gate Vθ,n. We impose that
the encoding n 7→ |φn〉 is consistent with the physical in-
terpretation of n as a spatial direction. This means that
rotating the direction n should be equivalent to rotating
the state vector—in formula,
|φg n〉 = U (j)g |φn〉 , (1)
where g is an arbitrary rotation in three dimensional
space and U
(j)
g is the unitary matrix representing the
action of g on the Hilbert space of the spin-j particle.
Except for Eq. (1), we make no assumption on the pro-
gram states.
Once the information about the rotation axis is en-
coded in the control spin, the problem is to devise a mech-
anism that emulates rotations around that axis. Math-
ematically, the mechanism is described by a quantum
channel [31], describing the joint evolution of the control
and target. To evaluate the accuracy of the control mech-
anism, we compare the output state of the target with
the ideal output of the gate Vθ,n. As a figure of merit,
we use the fidelity
F (j, θ,n, ψ) = 〈ψ|V †θ,n [Cθ (φn ⊗ ψ)] Vθ,n|ψ〉 , (2)
where |ψ〉 is the initial state of the data qubit and Cθ
is the quantum channel describing the effective evolution
from the control and target together to the target alone.
Note that a priori the fidelity could depend on the input
state |ψ〉 and on the rotation axis n. To eliminate the
dependence, one can consider the average input-output
fidelity [32]
F (j, θ) =
∫
dn
∫
dψ F (j, θ,n, ψ) , (3)
where dn is the invariant probability distribution on the
unit sphere and dψ is the invariant probability distribu-
tion on the pure states of the system. In actual experi-
ments, the averages over all directions and over all states
can be replaced by averages over a finite set of directions
and states, using the theory of unitary designs [33].
Our first result is the optimal quantum scaling of the
fidelity with the program size. By maximizing over the
quantum channel Cθ and over the program states |φn〉 we
find the optimal value
Fopt(j, θ) =
1
3
+
2
3(1 + 2j)2
[
2j2 +
2j + 1
2
+
2j + 1
2
cos θ
+ j
√
1 + 2(2j + 1) cos θ + (2j + 1)2
]
,
(4)
valid for j ≥ 3/2 (see Appendix A for the derivation
and for the expression of the fidelity in the j = 1/2 and
j = 1 cases). The dependence on the rotation angle is
illustrated in Figure 2, where one can see that the fidelity
is minimum for θ = pi, meaning that the rotations of 180
degrees are the hardest to program.
Eq.(4) gives the exact expression of the fidelity, but
an even more insightful expression can be obtained by
Taylor expansion, which yields the approximate formula
Fopt(j, θ) = 1− 1− cos θ
3j
+O
(
1
j2
)
. (5)
This result shows that the error (defined as 1 minus fi-
delity) tends to zero as the control spin becomes macro-
scopically large. Note that the scaling 1/j refers to the
3FIG. 2. Average fidelity for different rotation angles. The
dependence of the fidelity on the rotation angle θ is illustrated for
different values of the spin from j = 2 to j = 100. The fidelity is
minimum for θ = pi, meaning that rotations of 180 degrees are the
hardest to program.
average over all possible rotation axes and over all possi-
ble input states. Later, we will prove that the scaling 1/j
is optimal even in the worst-case over all input states.
III. BENCHMARK FOR COHERENT
QUANTUM CONTROL
We have established the ultimate quantum perfor-
mance in programming qubit rotations. An important
question is whether this performance can be achieved
through a classical strategy where the program is mea-
sured and a conditional operation on the data is per-
formed. We refer to these strategies as measure-and-
operate (MO) strategies. In Appendix B we determine
the maximum fidelity achievable by arbitrary MO strate-
gies, providing a benchmark that can be used to certify
the demonstration of quantum-enhanced programming in
realistic experiments. The exact value of the benchmark,
derived in Appendix B, is
FMO(j, θ) =
4j + 4 + (2j + 1) cos(θ − τ)
6j + 9
+
(2j + 1)(cos θ + cos τ) + cos(θ + τ) + 1
3(j + 1)(2j + 3)
,
(6)
with τ = arccot [(2j2 + 3j + 2) cos θ + 2j + 1]/[(2j2 +
3j) sin θ]. Figure 3 shows the gap between the benchmark
and the optimal quantum fidelity for small values of the
control spin. For large spins, the benchmark takes the
asymptotic value
FMO(j, θ) = 1− 2(1− cos θ)
3j
+O
(
1
j2
)
. (7)
Note that the error (one minus fidelity) is exactly twice
the error of the optimal quantum protocol, which can be
FIG. 3. Benchmark for coherent quantum control. The
quantum benchmark (blue dots) and the optimal quantum fidelity
(red dots) are plotted for rotations of 180 degrees in a function of
the spin size, with j ranging from 3/2 to 10.
read out from Eq.(5). The error goes to zero both for
quantum and classical strategies, but the rate for quan-
tum strategies is twice as fast. Intriguingly, this seems
to be a recurring feature in the relation between optimal
classical and quantum programming strategies, as we will
see later in the paper.
IV. PHYSICAL REALIZATION OF THE
OPTIMAL PROGRAMMABLE GATE
We have seen that the optimal quantum strategy of-
fers an advantage over all classical, measurement-based
strategies. But how is the advantage achieved, con-
cretely? For the program states, we find out that the
optimal choice is to use spin-coherent states [34], en-
coding the direction n in the spin coherent state with
maximum projection along the direction n. This is not
unexpected, because spin coherent states are optimal for
the estimation of spatial directions [35]. Still, estimation
and programming are two distinct operational tasks—
and indeed, estimation is not the optimal strategy for
controlling rotations. It is a non-trivial open question
whether any deeper connection exists that links the opti-
mal setup for quantum estimation with the optimal setup
for quantum control.
Regarding the control mechanism, we find that the
channel Cθ has an economical realization [36–38], mean-
ing that it can be implemented by letting the program
and the data interact as a closed system, without intro-
ducing extra ancillas. Explicitly, the optimal quantum
channel is realized through the unitary evolution
Uθ = exp
[
−if(θ) J · σ
2j + 1
]
(8)
where J = (Jx, Jy, Jz) are the spin operators of the con-
trol spin, J · σ = ∑i=x,y,z Ji ⊗ σi is the Heisenberg cou-
4pling, and f(θ) is the function
f(θ) = arccos
1 + (2j + 1) cos θ√
[1 + (2j + 1) cos θ]2 + [(2j + 1) sin θ]2
.
(9)
Physically, this unitary evolution can be realized by
setting up an isotropic spin-spin interaction, described by
the Hamiltonian H = αJ · σ, for some suitable coupling
constant α, and by letting the two spins evolve for time
t(θ) =
f(θ)
(2j + 1)α~
, (10)
depending on the angle θ of the target rotation. Remark-
able, the same program states and the same interaction
can be used to control the full time evolution of the tar-
get system: one has only to adjust the interaction time
[determined by the angle f(θ)] based on the evolution
time in the target dynamics [determined by the angle θ].
Eq.(8) shows that the optimal way to program the dy-
namics is to set up a Heisenberg interaction between the
control and target spins. This result answers an open
question raised by Marvian and Mann [39], who assumed
the Heisenberg interaction and showed that it can be used
to approximate arbitrary rotations in the limit of large j
limit. Marvian and Mann asked whether the Heisenberg
interaction achieves the best scaling of the error with the
spin size, a question that is answered in the affirmative
by our result. The optimality of the Heisenberg inter-
action is not limited to the average fidelity: in terms of
scaling with j, the unitary gate (8) is optimal also in
the worst case over all input states. Indeed, one can ex-
plicitly evaluate the worst case fidelity, which takes the
value
Fw(j, θ) = 1− 1− cos θ
j
+O
(
1
j2
)
. (11)
Note that the error scaling 1/j is the best one could have
hoped for, because the average error is a lower bound to
the worst case error and we know from Eq. (5) that the
average error cannot vanish faster than 1/j.
Knowing the value of the worst case fidelity, one can
estimate the error scenarios where one or more gates are
implemented with a quantum program. For example, a
quantum circuit that uses k programmable single-qubit
gates will have an error of size k/
√
j with respect to the
ideal functionality. This means that, in order to have a
negligible error, the size of the program should be large
compared to the square of the number of programmable
gates in the circuit.
V. LONGEVITY OF THE QUANTUM
ADVANTAGE
The Heisenberg interaction transfers information from
the program to the data. This leads to a backreaction
effect, whereby the program gradually loses its ability
to control operations on the target [40]. An important
question is how many times the program can be reused
before the accuracy drops below a certain threshold. The
number of reusing times was called longevity in Ref. [40].
Another important question is how many times the con-
trol spin can be reused before the quantum advantage is
lost. We will refer to this number as the longevity of the
quantum advantage.
Suppose that the joint evolution of control and target
is described by the same unitary gate at every step. As-
suming the gate to be of the form of Eq. (8) for some
fixed function f(θ), we obtain the close-form expression
F (j, θ, n) = 1− 1− cos θ
3j
· n(1− cos θ) + j
j
(12)
quantifying the average fidelity at the leading order in j
(see Appendix C for the derivation). From this expres-
sion one can see that the longevity grows as j2. How-
ever, the longevity of the quantum advantage is much
shorter: comparing the above fidelity with the MO fi-
delity in Eq.(7), we find that the quantum advantage
disappears if the number of repetitions is larger than
L(j, θ) =
j
1− cos θ +O (1) . (13)
One can also consider more elaborate strategies where the
interaction time between control and target is optimized
at every step. However, these strategies do not increase
the longevity of the quantum advantage in the large j
limit.
VI. PROGRAMMING LARGER SYSTEMS
Our result establishes the existence of a quantum ad-
vantage for single-qubit gates. This finding is conceptu-
ally important, because the advantage for single qubits
implies an advantage of coherent programming for quan-
tum systems of arbitrary dimension. Indeed, one can im-
mediately prove the advantage by using the qubit bench-
mark for gates that act nontrivially only in a fixed two-
dimensional subspace.
Our results also give a heuristic for the control of higher
dimensional spins. The idea is to encode the rotation axis
in a spin coherent state and to let the control and target
spin interact as closed system. Explicitly, we make two
spin systems undergo the Heisenberg interaction U
(k)
θ =
exp [−iθ 2J ·K/(2j + 1)], where K = (Kx,Ky,Kz) are
the spin operators of the target spin. Using the unitary
gate Uθ, in Appendix D we obtain the average fidelity
F (j, k, θ) = 1− k(2k + 1)(1− cos θ)
3j
, (14)
in the large j limit. Remarkably, the error grows quadrat-
ically—rather than linearly—with the size of the target
5spin: in order to ensure high fidelity, the size of the pro-
gram must be large compared to the square of the size
of data. The same conclusion holds for the worst case
fidelity, which has the asymptotic expression
Fw(j, k, θ) = 1− [k(k + 1) + c(k)] (1− cos θ)
j
, (15)
with c(k) = 0 for even k and c(k) = 1/4 for odd k.
The quantum strategy exhibits an advantage over the
MO strategy consisting in measuring the direction n from
the spin coherent state pointing in direction n and per-
forming a rotation based on the outcome. Again, we
find that the error of the quantum strategy vanishes in
the macroscopic limit of large control systems, at a rate
twice as fast than the error of the classical strategy.
VII. CONCLUSIONS
We determined the ultimate accuracy for the execu-
tion of rotations controlled by quantum spins. The ul-
timate accuracy limit is achieved through a Heisenberg
interaction, with the interaction time depending on the
rotation angle and on the spin size. Our work calls for
the experimental realization of programmable setups that
achieve the ultimate quantum limits to the control of ro-
tation gates. For small values of the spin, a possible
testbed is provided by NMR systems, where spin-spin
interactions are naturally available [41]. Another possi-
bility is to use quantum dots, where one can engineer a
coupling between a single spin and an assembly of spins
effectively behaving as a single spin j particle [42]. This
scenario, named the box model, can be achieved through
a uniform coupling of a central spin to the neighbour-
ing sites. No matter what platform is used, our results
provide the rigorous benchmark that can be used to val-
idate the successful demonstration of quantum-enhanced
programmable gates.
On the fundamental side, our work unveils a deep
relation between the classical and quantum approaches
to programming. In the classical approach, the target
gate is approximated by a sequence of elementary gates,
whose number grows as log 1/ with the error parame-
ter  [43]. At the leading order, the number of gates
is equal to the number of bits used by the classical
program that describes the target gate. In the quan-
tum approach, we found that the target gate is approx-
imated with error  = O(1/j), implying that the num-
ber of program qubits needed to achieve error  scales
as log(2j + 1) = O(log 1/). In other words, our re-
sult shows that the classical and quantum approaches are
asymptotically equivalent in terms of tradeoff between
accuracy and size. It is worth noticing, however, that
our quantum strategies were constructed from a sym-
metry assumption, namely that the rotations in space
are reflected into rotation of the program states [cf. Eq.
(1)]. Although physically reasonable, this assumption
may be lifted, by allowing arbitrary encodings of the tar-
get dynamics in the program states. Removing the sym-
metry assumption (1) might in principle lead to an im-
proved size-accuracy tradeoff beyond the O(1/j) scaling
observed in this paper. Determining whether this is the
case requires the development of new techniques beyond
the scope of the present investigation. While we expect
the scaling O(1/j) to be remain optimal even with gen-
eral encodings, we believe that the development of tech-
niques to tackle the question has the potential to reveal
new relations between quantum programming, quantum
metrology, and quantum simulations.
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Appendix A: Optimal quantum fidelity
The fidelity F (j, θ) in Eq.(3) of the main text is the
result over two averages: the average over all pure states
and the average over all rotations axes. Quite conve-
niently, the average over the states can be eliminated by
using the well-known relation with the entanglement fi-
delity [44]. With the notation of our paper, the relation
reads ∫
dψ F (j, θ,n, ψ) =
1
3
+
2
3
F (e)(j, θ,n) , (A1)
where F (e)(j, θ,n) is the entanglement fidelity, given by
F (e)(j, θ,n) = 〈Φ+θ,n|
[
(Cθ ⊗ I)
(
φn ⊗ Φ+
)] |Φ+θ,n〉 .
(A2)
Here Φ+ denotes the projector on the canonical maxi-
mally entangled state |Φ+〉 = (|0〉|0〉 + |1〉|1〉)/√2 and
|Φ+θ,n〉 is the rotated maximally entangled state defined
by |Φ+θ,n〉 := (Vθ,n ⊗ I)|Φ+〉 .
Using Eq.(A1), the average fidelity can be rewritten as
F (j, θ) =
1
3
+
2
3
F (e)(j, θ) , (A3)
where F (e)(j, θ) is the average entanglement fidelity
F (e)(j, θ) =
∫
dn 〈Φ+θ,n| (Cθ ⊗ I)(φn ⊗ Φ+) |Φ+θ,n〉 .
(A4)
The fidelity can be conveniently rewritten using the
“double ket notation”
|Ψ〉〉 :=
∑
m
∑
n
〈m|Ψ|n〉|m〉|n〉 . (A5)
Denoting by Cθ the Choi operator for channel Cθ, we
obtain
F (e)(j, θ) =
1
2
∫
dnTr
[
Cθ |φn〉〈φn| ⊗ |Φ+θ,n〉〈Φ+θ,n|
]
=
1
4
〈φ|〈〈Vθ|C∗θ |φ〉|Vθ〉〉 , (A6)
having defined
C∗θ :=
∫
dn
(
U (j)Tn ⊗ U†n ⊗ UTn
)
Cθ
(
U
(j)
n ⊗ Un ⊗ Un
)
.
(A7)
Furthermore, it is convenient to define the operator
C˜θ = (σ
(j)
y ⊗ I ⊗ σy) C∗θ (σ(j)y ⊗ I ⊗ σy) . (A8)
With this definition, it is easy to prove the relation[
C˜θ, U
(j)
g ⊗ Ug ⊗ Ug
]
= 0, ∀g ∈ SU(2) . (A9)
7Now, using Schur’s lemma we obtain the expression
C˜θ = αPj+1 ⊕ βPj−1 ⊕ Pj ⊗Mj , (A10)
where Pl is the projection on the subspace with total an-
gular momentum l, α, β, γ are complex coefficients, and
Mj =
(
γA γB
γC γD
)
is a non-negative matrix. The trace-
preserving condition on the channel is equivalent to the
constraint
Trtarget[Cθ] =Icontrol ⊗ Itarget , (A11)
on the Choi operator. In terms of the coefficient, this
implies the condition
2j + 3
2j + 2
α+
2j + 1
2j + 2
γA = 1
2j − 1
2j
β +
2j + 1
2j
γD = 1 .
(A12)
Now, we insert the Eqs. (A10) and (A12) into the
expression of the fidelity [Eq. (A6)]. After a long calcu-
lation using Clebsch-Gordan coefficients we can get the
expression
F (e)(j, θ) =A sin2
θ
2
+B cos2
θ
2
+ CJz sin
θ
2
cos
θ
2
+DJ2z sin
2 θ
2
, (A13)
where Jz (J2z ) is the average (of the square of the) z-
component of the angular momentum, while the con-
stants A,B,C, and D are as follows:
A =
1
2(1 + 2j)
[
(j + 1)α+ jβ
]
B =
1
2(1 + 2j)
[
(j + 1)γA + jγD
−√j(j + 1)(γB + γC)]
C =
i
2
√
j(j + 1)
(γB − γC)
D =
1
2(1 + 2j)
[
− α
j + 1
− β
j
+
γA
j + 1
+
γD
j
+
γB + γC√
j(j + 1)
]
,
For j ≥ 3/2, taking into account that the maximum ex-
pectation value Jz is equal to j and optimizing over the
coefficients α and β by γA and γD we obtain the optimal
fidelity
F
(e)
opt(j, θ) =
1
(1 + 2j)2
[
2j2 +
2j + 1
2
+
2j + 1
2
cos θ
+ j
√
1 + 2(2j + 1) cos θ + (2j + 1)2
]
.
(A14)
Note that the maximization of the expectation value Jz
requires the program state to be the spin-coherent state
|j, j〉.
Eq. (A14) gives the optimal value of the entanglement
fidelity. The optimal value of the average fidelity can
then be obtained from Eq.(A3), which yields
F (j, θ)opt =
1
3
+
2
3(1 + 2j)2
[
2j2 +
2j + 1
2
+
2j + 1
2
cos θ
+ j
√
1 + 2(2j + 1) cos θ + (2j + 1)2
]
.
(A15)
The cases of j = 1/2 and j = 1 must be treated sep-
arately. In these two cases the optimal fidelity exhibits
critical points, as illustrated in Figure 4.
FIG. 4. Optimal quantum fidelity for j = 1/2 and j = 1. For
j = 1/2, a transition occurs when |θ− pi| = 2 arctan
√
4 +
√
7. For
j = 1, the transition occurs when |θ − pi| = 23/100pi.
For j = 1/2, the optimal fidelity is
Fopt(j =
1
2
, θ) =
1
3
+
1
6
[
2 + 7 cos θ
6 + 12 cos θ
− cos θ
2
]
(A16)
for |θ − pi| ≤ 2 arctan
√
4 +
√
7, and
Fopt(j =
1
2
, θ) =
1
3
+
3 + 2 cos θ +
√
5 + 4 cos θ
12
(A17)
otherwise. For j = 1, the transition happens for |θ−pi| ≤
δ, with δ ≈ 0.23pi. The optimal fidelity is
Fopt(j = 1, θ) =
1
3
+
2 sin2 θ
5
(A18)
for |θ − pi| ≤ δ, and
Fopt(j = 1, θ) =
1
3
+
7 + 3 cos θ +
√
10 + 6 cos θ
27
(A19)
otherwise. Quite surprisingly, optimal program state for
|θ−pi| ≤ δ the is not the spin coherent state, but rather a
p-orbital |1, 0〉n pointing in the direction of the rotation
axis.
8Appendix B: Optimal measure-and-operate fidelity
In a generic MO strategy, the measurement is de-
scribed by a Positive Operator-Valued Measure (POVM)
{Px}x∈X, where X is the set of all possible outcomes and
Px is the positive operator associated to the outcome
x. The conditional operation is described by quantum
channel Cθ,x acting on the data qubit. On average over
all possible outcomes, the action of the classical protocol
is represented by the MO channel
Cθ,MO(ρ) =
∑
x∈X
Tr [Px φn] Cθ,x(ρ) . (B1)
When the data qubit is in the state |ψ〉, the fidelity be-
tween the output of the MO channel and the desired out-
put is
FMO(j, θ,n, ψ) = 〈ψ|V †θ,n [Cθ,MO (φn ⊗ ψ)] Vθ,n|ψ〉 .
(B2)
Now, let FMO(j, θ) be the average of the fidelity over all
input states and over all possible rotation axes. Using
the relation with the entanglement fidelity, we obtain
FMO(j, θ) =
1
3
+
2
3
F
(e)
MO(j, θ) , (B3)
with
F
(e)
MO(j, θ) =
∑
x
∫
dn
〈〈Vθ,n|Cθ,x|Vθ,n〉〉 〈φn|Px|φn〉
4
,
(B4)
where Cθ,x is the Choi operator of the channel Cθ,x. The
entanglement fidelity can be rewritten as
F
(e)
MO(j, θ) =
∑
x
∫
dg
〈〈Vθ|
(Ug ⊗ Ug) (Cθ,x) |Vθ〉〉
4
× 〈φ| U (j)g (Px) |φ〉 . (B5)
At this point, we define the operators
P (x)g := (2j + 1)U (j)g (Px)/Tr[Px] (B6)
and we note that they satisfy the normalization condition∫
dg P (x)g = I ∀x ∈ X . (B7)
In other words, the operators {P (x)g } define a POVM with
outcome g. Similarly, we define the operators C
(x)
g =(Ug ⊗ Ug) (Cθ,x) and note that each of them is the Choi
operator of a quantum channel C(x)g . Hence, the POVM
with operators {P (x)g } and the conditional channels C(x)g
form an MO strategy. The entanglement fidelity can then
be rewritten as
F
(e)
MO(j, θ) =
∑
x
px F
(e)
MO(j, θ, x) , (B8)
where px is the probability px := Tr[Px]/(2j + 1) and
F
(e)
MO(j, θ, x) is the fidelity of the x-th MO strategy.
Hence, we obtain the bound
F
(e)
MO(j, θ) ≤ maxx F
(e)
MO(j, θ, x)
= (2j + 1) max
C,ρ,φ
∫
dg
〈〈Vθ|Cg|Vθ〉〉 〈φ|ρg|φ〉
4
,
where the maximization runs over all Choi operators
C representing qubit channels and all density matri-
ces ρ representing spin-j states, and we defined Cg =(Ug ⊗ Ug) (Cθ,x) and ρg = U (j)g (Px).
Using the relation Ug = σy Ug σy, the bound on the
fidelity becomes
F
(e)
MO(j, θ) ≤ (2j + 1) max
C,ρ,φ
Tr[(C ⊗ ρ) Ω] , (B9)
with
Ω =
∫
dg
(
Ug ⊗ Ug ⊗ U (j)g
)( |Wθ〉〉〈〈Wθ|
4
⊗ |φ〉〈φ|
)
(B10)
andWθ = cos
θ
2 σy+sin
θ
2 σx. Note that the maximization
can be restricted to pure states, of the form ρ = |ψ〉〈ψ|.
Now, the vector |Wθ〉〉 can be rewritten as
|Wθ〉〉 =
√
2
[
i cos
θ
2
|0, 0〉+ sin θ
2
|1, 0〉
]
, (B11)
having used the notation |l,m〉 for the eigenstates of the
z-component of the total spin. Using this fact, we obtain
that every vector (Ug⊗Ug) |Wθ〉〉 can be expanded in the
basis B = {i|0, 0〉, |1, 0〉x, |1, 0〉y, |1, 0〉z}, with
|1, 0〉z = |1, 0〉
|1, 0〉x = |1, 1〉+ i|1,−1〉√
2
|1, 0〉y = |1, 1〉 − i|1,−1〉√
2
, (B12)
and all the expansion coefficients are real. Hence, the
Choi operator C in Eq. (B9) can be chosen to have real
matrix elements in the same basis. Moreover, we can
restrict the maximization to the Choi operators C that
are extreme points of the convex set of Choi operators
with real matrix elements in this basis. Using Choi’s
characterization of the extreme points [45, 46], we find
out that the extreme real Choi operators are rank-one—
that is, they represent unitary gates.
Explicitly, we can write the Choi operator as C =
|Vτ 〉〉〈〈Vτ |, with
|Vτ 〉〉 =
√
2
[
i cos
τ
2
|0, 0〉
+ sin
τ
2
(
rx |1, 0〉x + ry |1, 0〉y + rz |1, 0〉z
)]
,
(B13)
9where τ is an angle and r = (rx, ry, rz)
T is a unit vector
in R3. Now, there must exist a rotation h that transforms
the vector r into the z axis. For this particular rotation,
we have
(Uh ⊗ Uh) |Vτ 〉〉 =
√
2
[
i cos
τ
2
|0, 0〉+ sin τ
2
|1, 0〉
]
= |Wτ 〉〉 . (B14)
Since the operator Ω in Eq. (B10) is invariant under
rotations, the bound on the fidelity becomes
F
(e)
MO(j, θ) ≤ (2j + 1) maxτ max|ψ〉 〈〈Wτ |〈ψ|Ω|Wτ 〉〉|ψ〉 .
(B15)
Now, note that we have
〈〈Wτ |Ug ⊗ Ug |Wθ〉〉 = 2 cos τ
2
cos
θ
2
+ 2 sin
τ
2
sin
θ
2
〈1, 0|U (1)g |1, 0〉 .
(B16)
and∣∣∣〈〈Wτ |Ug ⊗ Ug |Wθ〉〉∣∣∣2
= 4 cos2
τ
2
cos2
θ
2
+
4
3
sin2
τ
2
sin2
θ
2
+
8
3
sin2
τ
2
sin2
θ
2
〈2, 0|U (2)g |2, 0〉
+ 8 cos
τ
2
cos
θ
2
sin
τ
2
sin
θ
2
〈1, 0|U (1)g |1, 0〉 . (B17)
Using the above relation, we obtain
〈〈Wτ |〈ψ|Ω|Wτ 〉〉|ψ〉
=
∫
dg
∣∣∣〈〈Wτ |Ug ⊗ Ug |Wθ〉〉∣∣∣2 ∣∣∣〈ψ|U (j)g |φ〉∣∣∣2
= 〈ψ|〈ψ˜|Γ|φ〉|φ˜〉 , (B18)
with |ψ˜〉 := e−ipiJy |ψ〉 and
Γ =
(
4 cos2
τ
2
cos2
θ
2
+
4
3
sin2
τ
2
sin2
θ
2
)
Π00
8
15
sin2
τ
2
sin2
θ
2
Π20
+
8
3
cos
τ
2
cos
θ
2
sin
τ
2
sin
θ
2
Π10 , (B19)
where we used the notation Πjm = |j,m〉〈j,m|. Note
that the projectors Πj0 are invariant under multiplication
with rotations around the z-axis, namely
Πj0 = Πj0 (Uh ⊗ Uh) = (Uh ⊗ Uh) Πj0 , (B20)
where h is an arbitrary rotation h around the z-axis.
Hence, we have the bound
〈ψ|〈ψ˜|Γ|φ〉|φ˜〉 ≤ max
m,m′
(−1)m−m′
× 〈j,m|〈j,−m| Γ |j,m′〉|j,−m′〉 (B21)
By direct inspection, we find that the above expression
reaches its maximum for m = m′ = j. Moreover, we find
that the maximum over the angle τ is attained for
cot τ =
(2j2 + 3j + 2) cos θ + 2j + 1
(2j2 + 3j) sin θ
, θ ∈ [0, pi] .
(B22)
For this value of τ , we obtain the maximum fidelity
F
(e)
MO(j, θ) =
(2j + 1)(1 + cos(θ − τ))
2(2j + 3)
+
(2j + 1)(cos θ + cos τ) + cos(θ + τ) + 1
2(j + 1)(2j + 3)
. (B23)
In terms of average input-output fidelity, we obtain the
value
FMO(j, θ)opt =
4j + 4 + (2j + 1) cos(θ − τ)
6j + 9
+
(2j + 1)(cos θ + cos τ) + cos(θ + τ) + 1
3(j + 1)(2j + 3)
. (B24)
The maximum fidelity is achieved by using the program
state Ug(n)|j, j〉, measuring the coherent state POVM
{Pn′ = Ug(n′)|j, j〉〈j, j|U†g(n′)}, and rotating around the
axis n′ of the angle τ determined by Eq. (B22). Note
that the angle τ converges to θ in the large j limit.
Appendix C: Longevity of the quantum advantage
The state of the control spin after the interaction can
be obtained by application of the complementary channel
C˜θ, defined by
C˜θ(ρ(j)) = Trtarget
[
Uθ
(
ρ(j) ⊗ I
2
)
U†θ
]
. (C1)
To evaluate this state, it is convenient to look at the evo-
lution of the basis states |j,m〉n. By explicit calculation,
we obtain the relation
C˜θ
(
|j,m〉〈j,m|n
)
=
1∑
i=−1
cm+i,m |j,m+ i〉〈j,m+ i|n ,
(C2)
where the coefficients cm+i,m are given by
cm−1,m =
(j +m)(1 + j −m)
(1 + 2j)2
(1− cos θ − sin2 θ2j )
cm,m = 1− cm−1,m − cm+1,m
cm+1,m =
(j −m)(1 + j +m)
(1 + 2j)2
(1− cos θ − sin2 θ2j )
,
At the first step, the program starts in the state |j, j〉n.
By repeatedly applying Eq.(C1), we then obtain the pro-
gram state at every step. Explicitly, the state at the n-th
10
step is given by
C˜n−1θ
(
|j, j〉〈j, j|n
)
=
j∑
m=j−n+1
p(n− 1,m, θ) |j,m〉〈j,m|n ,
(C3)
where p(n− 1,m, θ) is the probability distribution given
by
p(n,m, θ) =
n∑
i=j−m
(−1)i+j−m
(
n
i
)(
i
j −m
)
i!
(2j)i
=(−1)j−m+1 2j
(1− cos θ)
n!
(n− j +m)!
× U
(
j −m+ 1, n+ 2,− 2j
1− cos θ
)
,
(C4)
U being Kummer’s function.
To get the longevity we need to calculate F (j, θ, n) by
F (j, θ, n) =
∑
m
p(n− 1,m, θ) F (j, θ,m) , (C5)
where F (j, θ,m) is the fidelity when using |j,m〉n as pro-
gram state.
The average fidelity F (j, θ,m) can be computed in
terms of the entanglement fidelity, using the relation
F (j, θ,m) =
1
3
+
2
3
F (e)(j, θ,m) , (C6)
Using Eq. (8), the entanglement fidelity can be evaluated
explicitly as
F (e)(j, θ,m) = 1− (1 + 2j − 2m)(1− cos θ)
2j
+O
(
1
j2
)
.
(C7)
Going back to the average fidelity, we obtain
F (j, θ,m) = 1− (1 + 2j − 2m)(1− cos θ)
3j
+O
(
1
j2
)
.
(C8)
The exact dependence of the fidelity on n is shown in
Figure 5 for different values of the spin and for rotation
angle θ = pi. Interestingly, the longevity is exactly equal
to the asymptotic value j/2 for all the values of j shown
in the figure.
In asymptotics of j → ∞, by using recursion formula
of Kummer’s U function
U(a, b, z) =(2a− b+ z + 2)U(a+ 1, b, z)
− (a+ 1)(a− b+ 2)U(a+ 2, b, z) , (C9)
we will finally get
p(n,m, θ) =
2j
n(1− cos θ) + 2j ·
[
n(1− cos θ)
n(1− cos θ) + 2j
]j−m
+O
(
1
j
)
. (C10)
FIG. 5. Degradation of the fidelity with the number of
recycling steps. The dependence of the fidelity on the number
n of recycling steps is plotted for j = 100 (red solid line), j = 200
(green solid line), and j = 400 (blue solid line), in the case of
rotation angle θ = pi. The plot shows an inverse linear scaling with
the recycling step n. The dotted lines give the values of the MO
fidelities for j = 100 (red), j = 200 (green), and j = 400 (blue).
The fidelity of this protocol falls under the MO fidelity when the
number of recycling steps is larger than j/2.
One can see directly that in asymptotics, F (j, θ,m) is a
arithmetic progression and p(n,m, θ) is a geometric pro-
gression. Inserting the above expressions into Eq. (C5)
we obtain
F (j, θ, n) = 1− 1− cos θ
3j
· n(1− cos θ) + j
j
+O
(
1
j2
)
.
(C11)
Comparing with the MO fidelity, we obtain that the
longevity of the quantum advantage tends to L(j, θ) =
j/(1− cos θ).
We showed the explicit calculation of F (j, θ,m) and
p(n− 1,m, θ) when the interaction time is fixed at every
step. More general strategies where the interaction time
is optimized at every step can be studied in the same
way. In the large j limit, we find that such step-by-
step optimization is not needed: the fidelity tends to the
same value, no matter whether the interaction time is
optimized at every step or once for all. As a result, the
longevity is the same in both scenarios.
Appendix D: Controlling spin-k particles
Following the structure of the optimal control mech-
anism for spin 1/2, we choose the program state to be
|j, j〉n and we let the two spins undergo the unitary gate
U
(k)
θ = exp
[
−iθ 2J ·K
2j + 1
]
. (D1)
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Using the above strategy, we can explicitly compute the
entanglement fidelity, given by
F (e)(j, k, θ) =
∫
dn Fe(j, k, θ,n)
=
∫
dn〈Φ(k)+θ,n |Trcontrol
[
(Uθ ⊗ I)(φ(j)n ⊗ Φ(k)+)
]
|Φ(k)+θ,n 〉 .
(D2)
Here Φ(k)+ denotes the projector on the canonical max-
imally entangled state and |Φ(k)+θ,n 〉 is the rotated maxi-
mally entangled state defined by
|Φ(k)+θ,n 〉 := (V (k)θ,n ⊗ I)|Φ(k)+〉 . (D3)
Putting the formula of U
(k)
θ in Eq. (D2), using the
expressions of the Clebsch-Gordan coefficients, we arrive
to the asymptotic expression
F (e)(j, k, θ) = 1− 2k(k + 1)
3j
(1− cos θ) + O
(
1
j2
)
.
(D4)
The average fidelity is then given by
F (j, k, θ) = 1− k(2k + 1)
3j
(1− cos θ) + O
(
1
j2
)
.
(D5)
A similar calculation can be done for the MO strategy
consisting in measuring the direction with the coherent
state POVM and then performing the conditional oper-
ation V
(k)
θ,n′ on the target. The entanglement fidelity of
this strategy is given by
F
(e)
MO(j, k, θ) =
∫
dn
∫
dn′ Tr [Pn′φn]F (e)(j, k, θ,n,n′)
with
F (e)(j, k, θ,n,n′) =
1
(2k + 1)2
∣∣∣Tr [V †θ,nV (k)θ,n′]∣∣∣2 . (D6)
By denoting ϕ as the angle between axis n and n′, and
by τ the rotation angle for the rotation V †θ,nV
(k)
θ,n′ , the
entanglement fidelity can be rewritten as
F
(e)
MO(j, k, θ) =
∫ pi
0
dϕ sinϕ(cosϕ)4j
sin2( 2k+12 τ)
sin2 τ2
(2k + 1)2
∫ pi
0
dϕ sinϕ(cosϕ)4j
. (D7)
Performing the average, we obtain the asymptotic ex-
pression
F
(e)
MO(j, k, θ) = 1−
4k(k + 1)
3j
(1− cos θ) +O
(
1
j2
)
,
(D8)
which can then be used to evaluate the average fidelity
as
FMO(j, k, θ) = 1− 2k(2k + 1)
3j
(1− cos θ) +O
(
1
j2
)
.
(D9)
